Chapter

Ideals

For the whole chapter, K is a number field of degree n and O = O is its ring
of integers.

2.1 Introduction

Historically, experience with unique prime factorization of integers led mathe-
maticians in the early days of algebraic number theory to a general intuition
that factorization of algebraic integers into primes should also be unique. A
likely reason for this misconception is the actual definition of what is a prime
number. The familiar definition is that a prime number is a number which is
divisible only by 1 and itself. Since units in Z are +1, this definition can be
rephrased as: if p = ab, then one of a or b must be a unit. Equivalently over
Z, a prime number p satisfies that if p|ab, then pla or p|b. However, these two
definitions are not equivalent anymore over general rings of integers. In fact,
the second property is actually stronger, and if one can get a factorization with
“primes” satisfying this property, then factorization will be unique, which is
not the case for “primes” satisfying the first property. To distinguish these two
definitions, we say in modern terminology that a number satisfying the first
property is irreducible, while one satisfying the second property is prime.
Consider for example Z[v/—6]. We have that

6=2-3=—vV—6v—6.

We get two factorizations into irreducibles (we have a factorization but it is not
unique). However this is not a factorization into primes, since v/—6 divides 2-3
but v/—6 does not divide 2 and does not divide 3 either. So in the case where
primes and irreducibles are different, we now have to think what we are looking
for when we say factorization. When we attempt to factorize an element z in a
domain D, we naturally mean proper factors a, b such that x = ab, and if either
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16 CHAPTER 2. IDEALS

of these factors can be further decomposed, we go on. That means, we look for
writing
= a1a2...0an

into factors that cannot be reduced any further. The definition of irreducible
captures what it means for the factorization to terminate: one of the term has
to be a unit.

Thus what we are interested in is to understand the factorization into irre-
ducibles inside rings of integers. Before starting, let us make a few more remarks.
Note first that this factorization into irreducibles may not always be possible
in general rings, since the procedure may continue indefinitely. However the
procedure does stop for rings of integers. This comes from the fact that rings of
integers are, again in modern terminology, what we call noetherian rings. The
big picture can finally be summarized as follows:

e In general rings, factorization even into irreducibles may not be possible.

e In rings of integers, factorization into irreducibles is always possible, but
may not be unique.

e For rings of integers which furthermore have a generalized Euclidean di-
vision, then the notions of prime and irreducible are equivalent, thus fac-
torization is unique.

Let us now get back to the problem we are interested in, namely, factorization
into product of irreducibles in rings of integers.

Example 2.1. Let K = Q(v/—5) be a quadratic number field, with ring of
integers Ox = Z[v/—5], since d = 3 (mod 4). Let us prove that we do not have
a unique factorization into product of irreducibles in Z[v/—5]. We have that

21 =7-3=(142V-5)(1 —2v-5)

with 3,7,1 £ 24/—5 irreducible. Let us show for example that 3 is irreducible.
Let us write
3=af, o, € Ok.

We need to see that either « or 5 is a unit (that is an invertible element of Of).
The norm of 3 is given by

9 = Ng/q(3) = Ng/o(a)Ng/q(8),

by multiplicativity of the norm. By Corollary 1.10, we know that Ny ,q(a), Nk o(8) €
Z. Thus we get a factorization of 9 in Z. There are only two possible factoriza-
tions over the integers:

e Ng/g(a) = £1, Ng/g(B) = £9 (or vice versa): by Corollary 1.11, we
know that the element of Ok of norm +1 is a unit, and we are done.
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Figure 2.1: Ernst Kummer (1810-1893) and Richard Dedekind (1831-1916)

e Ng/g(a) = %3, Ng/g(B) = £3 (or vice versa): however, we will now show
that there is no element of Ok with norm £3. Let us indeed assume that
there exists a + bv/—5 € Ok, a,b € Z such that

N(a 4 bv/—=5) = a® + 5b* = +3.

We can check that this equation has no solution modulo 5, yielding a
contradiction.

On the other hand, we will see that the ideal 210k can be factorized into 4
prime ideals p1, po, P3, P4 such that

70k = p1pa, 30k = papa, (1+2V5)Ok = pips, (1 —2V5)Ox = papy,

namely
210k = p1p2pspa.

After the realization that uniqueness of factorization into irreducibles is
unique in some rings of integers but not in others, the mathematician Kum-
mer had the idea that one way to remedy to the situation could be to work with
what he called ideal numbers, new structures which would enable us to regain
the uniqueness of factorization. Ideals numbers then got called ideals by an-
other mathematician, Dedekind, and this is the terminology that has remained.
Ideals of O will the focus of this chapter.

Our goal will be to study ideals of O, and in particular to show that we get
a unique factorization into a product of prime ideals. To prove uniqueness, we
need to study the arithmetic of non-zero ideals of O, especially their behaviour
under multiplication. We will recall how ideal multiplication is defined, which
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will appear to be commutative and associative, with O itself as an identity.
However, inverses need not exist, so we do not have a group structure. It turns
out that we can get a group if we extend a bit the definition of ideals, which we
will do by introducing fractional ideals, and showing that they are invertible.

2.2 Factorization and fractional ideals

Let us start by introducing the notion of norm of an ideal. We will see that in
the case of principal ideals, we can relate the norm of the ideal with the norm
of its generator.

Definition 2.1. Let I be a non-zero ideal of O, we define the norm of I by
N(I) = 10/1].
Lemma 2.1. Let I be a non-zero ideal of O.

1. We have that
N(a0) = |Nijgla)l, a € 0.

2. The norm of I is finite.

Proof. 1. First let us notice that the formula we want to prove makes sense,
since N(a) € Z when a € Ok, thus |N(a)| is a positive integer. By
Proposition 1.12, O is a free Abelian group of rank n = [K : Q], thus
there exists a Z-basis ay,...,a, of O, that is O = Zoy @ - - - Zay,. It is
now a general result on free Abelian groups that if H is as subgroup of
G, both of same rank, with Z-bases x1,...,x, and y1, ..., y, respectively,
with y; = 3, aijz;, then [G/H| = | det(a;;)|. We thus apply this theorem
in our case, where G = O and H = a. Since one basis is obtained from
the other by multiplication by «, we have that

|0/a0| = |det(pa)| = [Nk /q(a)].

2. Let 0 # « € I. Since I is an ideal of O and aO C I, we have a surjective
map

0/a0 — O/I,

so that the result follows from part 1.
O

Example 2.2. Let K = Q(v/—17) be a quadratic number field, with ring of
integers O = Z[/—17]. Then

N((18)) = 182.
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Starting from now, we need to build up several intermediate results which
we will use to prove the two most important results of this section. Let us begin
with the fact that prime is a notion stronger than maximal. You may want to
recall what is the general result for an arbitrary commutative ring and compare
with respect to the case of a ring of integers (in general, maximal is stronger
than prime).

Proposition 2.2. FEvery non-zero prime ideal of O is maximal.

Proof. Let p be a non-zero prime ideal of O. Since we have that
p is a maximal ideal of O <= O/p is a field,

it is enough to show that O/p is a field. In order to do so, let us consider
0 # z € O/p, and show that x is invertible in O/p. Since p is prime, O/p is
an integral domain, thus the multiplication map p, : O/p — O/p, z — xz, is
injective (that is, its kernel is 0). By the above lemma, the cardinality of O/p
is finite, thus p, being injective, it has to be also bijective. In other words g,
is invertible, and there exists y = p;1(1) € O/p. By definition, y is the inverse
of z. O

To prove the next result, we need to first recall how to define the multipli-
cation of two ideals.

Definition 2.2. If [ and J are ideals of O, we define the multiplication of ideals
as follows:

1J = ny,xef,yGJ

finite

Example 2.3. Let I = (a1, a2) = @10 + a0 and J = (51, 82) = 10 + 520,
then

IJ = (o1, 182, 231, iz 32).

Lemma 2.3. Let I be a non-zero ideal of O. Then there exist prime ideals
plv e apr OfO SUCh that

pip2---p, C I

Proof. The idea of the proof goes as follows: we want to prove that every non-
zero ideal I of O contains a product of r prime ideals. To prove it, we define
a set S of all the ideals which do not contain a product of prime ideals, and
we prove that this set is empty. To prove that this set is empty, we assume by
contradiction that S does contain at least one non-zero ideal I. From this ideal,
we will show that we can build another ideal I; such that I is strictly included
in I, and by iteration we can build a sequence of ideals strictly included in each
other, which will give a contradiction.

Let us now proceed. Let S be the set of all ideals which do not contain a
product of prime ideals, and let I be in S§. First, note that I cannot be prime
(otherwise I would contain a product of prime ideals with only one ideal, itself).
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By definition of prime ideal, that means we can find «, 8 € O with a8 € I, but
a¢l, B ¢I. Using these two elements « and 3, we can build two new ideals

Ji=aO+121, Jo=B0+I1DI,

with strict inclusion since o, 3 & I.

To prove that J; or Js belongs to S, we assume by contradiction that none
are. Thus by definition of S, there exist prime ideals pi,...,p, and q1,...,qs
such that p;---p,. C Jy and q1...qs C Jo. Thus

P1, s Prqr, .05 C J1J2 clI
where the second inclusion holds since a3 € I and
JiJy = (@O +D(BO+1)=apO+al +BI+I1* €1

But p1 - prq1---qs C I contradicts the fact that I € S. Thus J; or Jp isin S.
Starting from assuming that I is in S, we have just shown that we can find
another ideal, say I; (which is either J; or Jy), such that I C I;. Since I is in
S we can iterate the whole procedure, and find another ideal I which strictly
contains I, and so on and so forth. We thus get a strictly increasing sequence
of ideals in S:
IChLChhC...

Now by taking the norm of each ideal, we get a strictly decreasing sequence of
integers
N(I)>N(I1) > N(Iy) > ...,

which yields a contradiction and concludes the proof. O

Note that an ideal I of O is an O-submodule of O with scalar multiplication
given by O x I — I, (a,i) — ai. Ideals of O are not invertible (with respect to
ideal multiplication as defined above), so in order to get a group structure, we
extend the definition and look at O-submodules of K.

Definition 2.3. A fractional ideal I is a finitely generated O-module contained
in K.

Let ay,...,a, € K be a set of generators for the fractional ideal I as O-
module. By Corollary 1.5, we can write o; = 7;/d;, i, 0; € O fori =1,...,r.

Set, .
s=]]0-
=1

Since O is a ring, 6 € O. By construction, J := §I is an ideal of @. Thus for
any fractional ideal I C O, there exists an ideal J C O and § € O such that

1
I=—J
(5J

This yields an equivalent definition of fractional ideal.
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Definition 2.4. An O-submodule I of K is called a fractional ideal of O if
there exists some non-zero 6 € O such that 61 C O, that is J = §I is an ideal
of O and I =6"1J.

It is easier to understand the terminology “fractional ideal” with the second
definition.

Examples 2.4. 1. Ideals of O are particular cases of fractional ideals. They
may be called integral ideals if there is an ambiguity.

3 3
Z:{;e(@xez}

2. The set
2
is a fractional ideal.

It is now time to introduce the inverse of an ideal. We first do it in the
particular case where the ideal is prime.

Lemma 2.4. Let p be a non-zero prime ideal of O. Define
pt={reK|apcC O}
1. p~ ' is a fractional ideal of O.
2. 0Cp L.
3. pp=0.

Proof. 1. Let us start by showing that p~! is a fractional ideal of . Let
0 # a € p. By definition of p~!, we have that ap~* C O. Thus ap~! is an
integral ideal of O, and p~! is a fractional ideal of O.

2. We show that O C p~!. Clearly O C p~!. It is thus enough to find
an element which is not an algebraic integer in p~!. We start with any
0 # a € p. By Lemma 2.3, we choose the smallest r such that

p1-pr C (a)O

for p1,...,p, prime ideals of O. Since (a)O C p and p is prime, we have
p; C p for some i by definition of prime. Without loss of generality, we can
assume that p; C p. Hence p; = p since prime ideals in O are maximal
(by Proposition 2.2). Furthermore, we have that

p2-pr & (a)O

by minimality of r. Hence we can find b € pa - - - p, but not in (a)O.
We are now ready to show that we have an element in p~! which is not in
O. This element is given by ba 1.

e Using that p = p;, we thus get bp C (a)O, so ba~'p C O and
ba=tept
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e We also have b ¢ (a)O and so ba=! ¢ O.
This concludes the proof that p~! # O.

3. We now want to prove that p~'p = . It is clear from the definition
of p~! that p = pO C pp~! = p~'p C O. Since p is maximal (again
by Proposition 2.2), pp~! is equal to p or O. It is now enough to prove
that pp~! = p is not possible. Let us thus suppose by contradiction that
pp~! =p. Let {B1,...,05.} be a set of generators of p as O-module, and
consider again d := ab~! which is in p~! but not in O (by the proof of 2.).
Then we have that

dB;ep'p=panddp Cp 'p=p.

Since dp C p, we have that

T
dﬂz :Zcijﬂj €Pp, ¢y € O, 1= 1,...,’!”,
j=1
or equivalently

s

0= Z cw,()’JJrﬂZ(c”fd),z:l,,r

j=1,j#i

The above r equations can be rewritten in a matrix equation as follows:

ci1—d cir B1

C21 Cor ﬂz

Cri Crpr — d 67“
C

Thus the determinant of C' is zero, while det(C) is an equation of degree
r in d with coefficients in O of leading term +1. By Proposition 1.13, we
have that d must be in O, which is a contradiction.

O
Example 2.5. Consider the ideal p = 37Z of Z. We have that

1

We have
pcZcypltcqQ.

We can now prove that the fractional ideals of K form a group.

Theorem 2.5. The non-zero fractional ideals of a number field K form a mul-
tiplicative group, denoted by Iy .
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Proof. The neutral element is O. It is enough to show that every non-zero
fractional ideal of O is invertible in [x. By Lemma 2.4, we already know this
is true for every prime (integral) ideals of O.

Let us now show that this is true for every integral ideal of O. Suppose
by contradiction that there exists a non-invertible ideal I with its norm N(I)
minimal. Now [ is included in a maximal integral p, which is also a prime ideal.
Thus

Icy'rcpp=0,
where last equality holds by the above lemma. Let us show that I # p~'I, so
that the first inclusion is actually a strict inclusion. Suppose by contradiction
that I = p~!'I. Let d € p~! but not in O and let Bi,...,5, be the set of
generators of I as O-module. We can thus write:

dg; ep'I=1I,dl cp I=1.

By the same argument as in the previous lemma, we get that d is in O, a
contradiction. We have thus found an ideal with I C p~!I, which implies that
N(I) > N(p~'I). By minimality of N(I), the ideal p~'I is invertible. Let
J € Ik be its inverse, that is Jp~'I = O. This shows that I is invertible, with
inverse Jp~!.

If I is a fractional ideal, it can be written as éJ with J an integral ideal of
O and d € O. Thus dJ ! is the inverse of I. O

We can now prove unique factorization of integral ideals in O = Ok.

Theorem 2.6. Every non-zero integral ideal I of O can be written in a unique
way (up to permutation of the factors) as a product of prime ideals.

Proof. We thus have to prove the existence of the factorization, and then the
unicity up to permutation of the factors.
Existence. Let I be an integral ideal which does not admit such a factorization.
We can assume that it is maximal among those ideals. Then I is not prime, but
we will have I C p for some maximal (hence prime) ideal. Thus Ip~! C O is an
integral ideal and I C Ip~! C O, which strict inclusion, since if I = Ip~?!, then
it would imply that © = p~!. By maximality of I, the ideal Ip~! must admit
a factorization

Ip~'=pa--p,
that is

I'=pps--pr,

a contradiction.
Unicity. Let us assume that there exist two distinct factorizations of I, that is

I'=pipz---pr=0a1---qs

where p;, q; are prime ideals, ¢ = 1,...,r, j = 1,...,s. Let us assume by
contradiction that p; is different from q; for all j. Thus we can choose «; € q;
but not in p;, and we have that

HajGqu:ICpl,
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which contradicts the fact that p; is prime. Thus p; must be one of the q;, say
q1. This gives that

P2---Pr=02---Qs.
We conclude by induction. O

Example 2.6. In Q(i), we have
(2)Zli] = (1+)*Z[3).
Corollary 2.7. Let I be a non-zero fractional ideal. Then

I:pl...prql_l...qgl,

where P1,...,Pr, 41, --,qs are prime integral ideals. This factorization is unique
up to permutation of the factors.

Proof. A fractional ideal can be written as d~'1, d € O, I an integral ideal. We
write I =py---p; and dO = q1 - - - q5,. Thus

(do)ill =p;-- .ptqgl . q;l

It may be that some of the terms will cancel out, so that we end up with a
factorization with py,...,p, and qq,...,qs. Unicity is proved as in the above
theorem. O

2.3 The Chinese Theorem

We have defined in the previous section the group Ix of fractional ideals of a
number field K, and we have proved that they have a unique factorization into
a product of prime ideals. We are now interested in studying further properties
of fractional ideals. The two main properties that we will prove are the fact
that two elements are enough to generate these ideals, and that norms of ideals
are multiplicative. Both properties can be proved as corollary of the Chinese
theorem, that we first recall.

Theorem 2.8. Let I =[], pf be the factorization of an integral ideal I into
a product of prime ideals p; with p; # p; of i # j. Then there exists a canonical
isomorphism

0/]—) ﬁ(’)/pi“

i=1

Corollary 2.9. Let Iy,..., I, be ideals which are pairwise coprime (that is
Ii+1; = O fori# j). Let ai,...,q, be elements of O. Then there exists
a € O with

a=aq; modl;, i=1,...

, M.
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Proof. We can write I; = HpZ’ By hypothesis, no prime ideal occurs more
than once as a p;;, and each congruence is equivalent to the finite set of con-

gruences
a=q; modp;’, i,j.

Now write I =[] I;. Consider the vector (a1, ..., ) in []", O/I;. The map
i=1

is surjective, thus there exists a preimage o € O of (aq, ..., ). O

Corollary 2.10. Let I be a fractional ideal of O, o € I. Then there exists
B € I such that
(o, 8) =< a,B>=a0+ 0O =1.

Proof. Let us first assume that I is an integral ideal. Let py,...,p,, be the
prime factors of O C I, so that I can be written as

m
I = pri, ki > 0.
=1

Let us choose §; in pf but not in pF ™!, By Corollary 2.9, there exists 3 € O

K2

such that 8 = ; mod pf”‘l foralli=1,...,m. Thus

gel=]]»

i=1

and pf is the exact power of p; which divides 30. In other words, 3OI! is
prime to aQ, thus SOI~! 4+ aO = O, that is

0O +al =1.
To conclude, we have that

I=p00+al C O+a0O CI.

If I is a fractional ideal, there exists by definition d € O such that I = %J
with J an integral ideal. Thus da € J. By the first part, there exists 3 € J
such that J = (da, 8). Thus

B
I = =0.
a(9+d(9

O

We are now left to prove properties of the norm of an ideal, for which we
need the following result.



26 CHAPTER 2. IDEALS

Proposition 2.11. Let p be a prime ideal of O andn > 0. Then the O-modules
O/p and p™/p"*L are (non-canonically) isomorphic.
Proof. We consider the map

¢:0—p"/p"t a af

for any 3 in p™ but not in p"*1. The proof consists of computing the kernel and
the image of ¢, and then of using one of the ring isomorphism theorems. This
will conclude the proof since we will prove that ker(¢) = p and ¢ is surjective.

e Let us first compute the kernel of ¢. If ¢(a) = 0, then af = 0, which
means that af € p"*! that is « € p.

e Given any € p”, by Corollary 2.9, we can find y; € O such that
=7 modp"*t, =0 mod BOP~T,

since BOp~" is an ideal coprime to p™*!. Since v € p”, we have that v,
belongs to fOp~" Np™ = PO since INJ = IJ when I and J are coprime
ideals. In other words, v1/6 € O. Its image by ¢ is

¢(11/B) = (11/B)B mod p" T =1,

Thus ¢ is surjective.

Corollary 2.12. Let I and J be two integral ideals. Then
N(IJ) =N(I)N(J).

Proof. Let us first assume that I and J are coprime. The chinese theorem tells
us that

O/1J ~0/I x 0/,

thus |O/1J| = |O/I||0/J|. We are left to prove that N(p¥) = N(p)* for k > 1,
p a prime ideal. Now one of the isomorphism theorems for rings allows us to
write that

_ - O/p* O/p"|
N k—1 =10 k—1 _ — )
(") =10/p""" ph—1/pk A1 /pF|
By the above proposition, this can be rewritten as
O/ _ N
O/pl  N(p)

Thus N(p*¥) = N(p*~1)N(p), and by induction on k, we conclude the proof. []
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Example 2.7. In Q(i), we have that (2)Z[i] = (1 +i)?Z][i] and thus
4=N(2)=N(1+1)?
and
N1 +i)=2.

Definition 2.5. If = J; J;l is a non-zero fractional ideal with Ji, Js integral

ideals, we set

~ N()
N(Jz2)

N(I)

This extends the norm N into a group homomorphism N : I — Q*. For

example, we have that N (%Z) = %

The main definitions and results of this chapter are

e Definition of fractional ideals, the fact that they form
a group Ik.

e Definition of norm of both integral and fractional ide-
als, and that the norm of ideals is multiplicative.

e The fact that ideals can be uniquely factorized into
products of prime ideals.

e The fact that ideals can be generated with two ele-
ments: I = («, 3).
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