CS2038: Final Examination

September 22, 2017
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Modules are algebraic structures that generalize both commutative groups and rin-ﬁw '“_“3"'
definition is the following. Let R be a ring. Structure (M,-+,-) is an R-module if M 15 &
commutative group under +, and - : R x M +» M such that for every 7, 8 € Rand a, be M:
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e (r+s)-a=r-a+s-a, ¥
> )

er-(atb)y=r-atr-b, (na) b = Ao )
I e (rs)-a=r-(s-a), and

(rs) a=r(s-a) m Aa

D= AT, e l-a=a.
o ngs&n 1. (10 marks) Prove that (G,+) is a commutative group if and only if (G,+,-) is
p " a Z-module. Here, operation - is defined as: n-a=a+a+---+aforn€Z anda € G.

n times

Question 2. (10 marks) Let R be a commutative ring. Let I C R. Prove that I is an ideal
of R if and only if it is an R-module.

Q%n 3. (5 + 5 marks) Modules allow us to define the notion of a fractional ideal in
integral domains. Let R be an ji main and F' be its field of fractions defined as:

a
F= {Ela,beR,b;éO}.
Prove that F is a field. Let I be an ideal of R. Define
J={a|a€F, andforalla€I: aa € R}.
Prove that J is an R-module. J is also called a fractional ideal.

Question 4. (5 + 10 + 5 marks) When R is a Dedekind domain, then fractional ideal J
above acts as inverse of I: J-I = (1)! Let us see an example of this. We know that Z[i\/S]
is a Dedekind domain. Define

Qliv5] = {e+iBV5 | o, B € Q}.

First show that Q[iv/5] is the field of fractions of Z[iv/5]. Next, consider the ideal I —
(3,2 4+ iv5) of Z[iv/5]. Show that the fractional ideal J corresponding to I is generated
by _LH-3~5 and 1. Finally, show that J - I = (1).
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